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Appendix

The efficiency, which is defined as the ratio of power out-
put PQ to power input Pi, is taken to be proportional to
Carnot efficiency, i.e.,

pQ/pi = a(l - 3) 0 < a < 1 (Al)

The parameter x is the ratio of radiator temperature Tr to
input temperature Ti. The radiated power Pr, which is
equal to the difference between PQ and Pt, is given by

pr = pQ - p. = (A2)

where b = Ar eoT;4, with Ar being the radiator area, e the
relative emissivity, and a- the Stefan-Boltzmann constant.
Eliminating P» from Eqs. (Al) and (A2) gives

= -ax\l - x)/[a(l - x) - 1] (A3)

where if/ = PQ/b is proportional to the power output per unit
area of radiator. To maximize \f/, it is required that d\l//dx =
0. This yields the following equation for the optimum
value of x:

0 = 4a(l - xY - 5(1 - &) + 1

Thus for a = 1, the optimum value of x is 0.75, whereas in
limit a —> 0, it is 0.80. This means that, even for a very
poor Carnot engine (a < 1) that is cooled by radiation, the
optimum radiator temperature is not much different from
that of a perfect Carnot engine.
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Nuclear Rocket Thrust Optimization Using
Dynamic Programming

ROBLEY E. GEORGE*
Douglas Aircraft Company Inc., Santa Monica, Calif.

The problem considered herein is that of maximizing the "burnout" velocity of a solid core
nuclear rocket. The optimal thrust schedule has been shown, for a range of realistic parame-
ter values, to differ from the well-known result for chemical systems because of the necessity
to remove core fission product decay afterheat. This afterheat, which must be removed if the
core is to remain intact, is a function of the reactor operating power schedule. The criterion
of optimality is the maximization of the rocket final velocity under the constraints of a maxi-
mum and minimum allowable reactor power level corresponding to engine throttleable limits
and a fixed initial propellant loading that is to be allocated either as useful thrust-producing
propellant or as a core afterheat removal coolant yielding no useful thrust. The method of
dynamic programming is used to perform the optimization. Numerical results are presented
for an example problem that considers vertical, drag-free liftoff from a stationary earth with a
uniform gravitational field. Means to relax all of these restrictions, along with other im-
portant extensions, are discussed. The effect of varying the problem parameters also is indi-
cated, and implications thereof are pointed out.

N
Statement of the Problem

1

0 doubt a lingering vestige of the chemical rocket propul-
sion era, it appears to be a common assumption that
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nuclear-powered rockets will perform at constant maximum
power and thrust. In lieu of a better alternative, this cer-
tainly is a reasonable assumption. It is the purpose of this
paper to examine that assumption and to determine whether
or not a better alternative is available. The method of dy-
namic programming is well suited to answer just such a ques-
tion.

Perhaps the definitive applications of the technique of dy-
namic programming to nuclear reactor systems optimization
are those by Ash, Bellman, and Kalaba1 and Kallay.2' 3 The
original works by Bellman, e.g., Refs. 4 and 5, remain the most
readable, informative, and amusing introduction to the sub-
ject of dynamic programming. Further applications of dy-
namic programming to a wide range of optimization problems
encountered in engineering are given by Kalaba.6
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Fig. 1 Arbitrary power schedule and resultant afterheat
power

Dynamic programming has been applied successfully to a
number of rocket optimization problems. Typical, but by no
means exhaustive, are the work by Ten Dyke7 which treats
the completely general multistage rocket problem and the
work by Smith8 which considers orbit transfer problems.

Pertinent to the problem considered in this paper are the
following references. Berkovitz9 establishes, among other
things, that, under certain reasonable assumptions, the well-
known optimal chemical rocket thrust schedule is to fire at
constant maximum thrust. Fresdall and Babb10 attempt to
optimize, by a brute force enumeration technique, a reactor
shutdown schedule in order to minimize Xe poisoning—a
problem different from though related to the one considered
herein.

Preliminary estimates of the amount of propellant required
to cool convectively and hence to remove fission product de-
cay afterheat from a solid core nuclear rocket reactor, if it is
desired to preserve the core intact even temporarily, are of the
order of 7% of total propellant mass. For not particularly
ambitious nearby planetary travel, the afterheat removal
propellant mass may be comparable to pay load mass. Hence,
it would appear that a significant percentage increase in
pay load mass might be achieved by power operation sched-
ules that reduce afterheat generation. The ultimate (and
only truly significant) objective of overall system optimization
is hereby acknowledged but will not be considered in great
detail here.

Consider first the vehicle dynamical equation

dV/dt = (F/M) - g 7(0) = v (1)
where

F
M
9
V
t

instantaneous rocket thrust
instantaneous rocket mass
gravitational acceleration (here assumed constant)
instantaneous rocket velocity
time

It will be noted that no drag force is included. As will be
seen later in the dynamic programming formulation of the
problem, the inclusion of a drag force either as an analytic
expression or as numerical data would be a near trivial ex-
tension. Similar comments apply to varying g and a host of
other "practical" extensions, as will be shown.

The author now will attempt to characterize the necessary
afterheat removal coolant mass penalty resulting from a
particular thrust schedule. One assumption would be to say
that the afterheat removal coolant mass is proportional to the
total afterheat energy generated by a particular thrust (and
reactor power) schedule. Although the time rate of fission
product decay energy is determined by a large number of
radioactive fission fragments simultaneously decaying, each
with its own respective half-life, the whole process may be

characterized, with reasonable accuracy, by a relatively simple
empirical equation.

Consider Fig. 1. Here Qo is reactor operating power, rang-
ing between corresponding engine throttleable limits, and
Qah is fission product decay afterheat power, with various
running times and time increments as indicated.

Glasstone (see Ref. 11, p. 119) gives, as the empirical after-
heat power response at time t' due to a unit impulse of fission
energy at time to',

h(t',to') = / (2)
where h(t', to') = unit impulse response, and ki = const.
During a small time interval about time ft/, however, there is
Qo (ft/) dto' fission energy generated. Hence, the actual after-
heat power at time t' due to the actual fission energy gen-
erated at to' is

Qah («', to') = h (*',ft/) Qo (ft/) dto'
which is to say that

Q«* (<%') = fe (f - A/)-1-1 Qo («/)

(3)

(4)

Assuming that the empirical afterheat equation (2) is ap-
plicable for all time, one may integrate (4) to obtain the total
afterheat energy resulting from the fission energy generated at
ft/. Thus

Gift/) = |7 [fc (*' - ft/)-1'2 &> ft/) dto'] dt' (5)
Jt'=to

where Qah (to') is the forementioned afterheat energy penalty.
Performing the indicated integration, one obtains

Qah ft/) = 5 ki Qo ft/) ft, - ft/)"0-2

or

Qah (t0') 9* fe & ft/) ft) ~ *o')

and, finally,
o')=kzQo(to')Mo' (T)

(6)

(7)

(8)

where &2 = 5 &i, and T = (to — to').
Of course, other characterizations of the afterheat penalty

are conceived easily. For example, one might carry out the
integration until such time as thermal radiation in space would
equal or exceed the afterheat generation rate with the engine
at some maximum allowable temperature. Other possibilities
are immediate; however, this particular formulation is con-
venient from the computational standpoint of dynamic pro-
gramming. The fact that the empirical afterheat equation
may not be applicable over all time may be compensated for
by judicious choice of the coefficient equating total afterheat
energy and requisite coolant mass.

Using the original assumption concerning requisite after-
heat removal coolant mass, one has

mah(to') = Aft/ (9)

where mah (ft/) is the coolant mass needed for afterheat re-
moval due to fission energy generated at to', and fe is a con-
stant reflecting fraction of afterheat to be removed convec-
tively along with coolant specific heat, attainable exit tem-
perature, etc.

For convenience, assume proportionality among reactor
operating power, engine thrust, and propellant flow rate.
Hence

and

F = k, QQ

dM/dt = -

(10)

(ID
where fc, i = 4,5 are constants greater than zero.

One thus is led to consider the following specific problem.
Given a solid core nuclear-powered rocket with a fixed initial
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propellant loading and an engine design such that a portion
of the total afterheat must be removed convectively using the
necessarily remaining propellant as coolant, what is the best
way to allocate the initial propellant, as a function of time,
between thrust-producing propellant and afterheat removal
coolant that produces no useful thrust so as to maximize
vehicle burnout velocity?

One will see that the dynamic programming formulation of
the problem will transform the foregoing two-point boundary
value problem with undetermined end condition into a simple
initial condition problem, the solution of which is simplicity
itself.

Solution of the Problem

I. Analytical Aspects

Adopting the viewpoint of dynamic programming, define
the function / to be the maximum velocity increment attain-
able by the nuclear rocket. The function/ is, after all, what
one is after! Clearly, / is a function of the initial rocket mass.
Also, it depends upon the initial unallocated propellant mass.
Precisely, define the following: / (M, ra) ^ the velocity in-
crement attained by the nuclear rocket, starting with an
initial rocket mass M and an initial unallocated propellant
mass m, and following an optimal nuclear rocket reactor
power control policy.

A comment concerning the relationship among the variables
is, perhaps, in order. It is quite true that, at any time, M and
m are related. Why, then, are the two variables indicated as
being explicitly independent? The answer is that, although
M and m are related, it is not known what that relationship is.
Indeed, that is part of what is to be determined as a function
of time. The situation is, mathematically, a non-Markovian
process, as discussed, for example, by Bellman (see Ref. 5,
pp. 4 and 54). To extricate oneself from the dilemma, one
imbeds this particular problem in the whole class of problems
involving all possible (or reasonable) relationships between M
and m. In the nonce, the price of the extrication is a single
added dimension to the problem.

Bellman's intuitively simple, yet powerful, principle of
optimality4 will be used which, when phrased in the context of
the present problem, may be stated as follows: An optimal
nuclear rocket reactor power control policy has the property that,
whatever the initial state (M, m) and initial decision q are, the
remaining decisions must constitute an optimal policy with
regard to the new state (M — AM, m — Am) resulting from the
first decision.

Application of Bellman's principle of optimality leads to the
following recursive formula for / (M, m):

/ (M, m) = . max . X
Qomin < q < Qomax

{Av + f(M - AM, m - Am)} (12)

Note that in Eq. (12) Av is the initial increment in velocity,
and / (M — AM, m — Am) is the best possible future incre-
ment in rocket velocity starting in the new state (M — AM,
m — Am). Both the initial return and the best possible
future return are dependent upon the decision variable q, the
power level at time T before shutdown. Hence, the maximum
attainable total increment in velocity starting at the condi-
tion (M, m), i.e., / (M, m), is the maximum of all the possible
sums of initial velocity increment plus best possible future
velocity increment starting in the new state resulting from the
initial decision.

From (1) and (10), one has

Az; = [(k* q/M) - g] Aft/ - 0 (AfeO (13)
to terms that are of first order in A£0'.

From (11),

AM = ks q Aft/ + 0 (A*/) (14)

Finally, from (14) and (9),

Am = q (h + h (I7)'0'2) Aft/ + 0 (Aft/) (15)
Here q is any specific admissible value of Qo, which is a
reasonable formulation since at any (M, m) one must decide
upon some specific value of QQ.

The return function / is, however, explicitly a function only
of the state variables M and m. Therefore, one must eliminate
the time parameterization from the last three equations. For
reasons best established by alternative attempts, it is con-
venient to consider the unallocated propellant mass m as the
fundamental variable. At different amounts of the un-
allocated propellant mass, a new decision must be made as
to how to allocate a portion of the remaining unallocated pro-
pellent. Hence,

° "fa Am + 0 (Am) (16)

and

AM = Am + 0 (Am) (17)

Substituting these relationships into (12) gives

[M - ° (Aw)
(18)

with bounds on the admissible range of q implied. By use of
Taylor's theorem and (18), one finds

/ (M, m) = max
Q

f (M, m) -

// k,q
\\Mq[k*

- Mg

Am ~ /- Am

(19)
where fx = d//d#.

Since the term /(M, m) within the braces is unaffected by
the maximization process (it already is the maximum burnout
velocity), it may be removed and cancellation effected. Divid-
ing the resulting equation by Am and then letting Am tend
to zero yields the following limiting nonlinear partial dif-
ferential equation that must be satisfied by the function

0 = max < ——
a 1̂ 2

— Mg

-V / M ~ fm\
As an initial condition, one notes that

/ (M, m = 0) = 0

(20)

(21)

which is to say that, at the condition any M and no un-
allocated propellant remaining, i.e., at burnout, the maximum
attainable increment in velocity is identically zero.

Although only the first term on the right-hand side of (20)
contains q explicitly, nevertheless, a g is implied in the terms
involving the remaining duration of the process T. Although
the appearance of T explicitly in (20) may not be aesthetic
analytically, from the computational standpoint it presents no
particular problem, as will be shown below. It remains a
problem whether T may or may not be eliminated from (20),
leaving it a function solely of the state variables (M, m) and
the decision variable q. Indeed, it is a question whether the
elimination would be desirable, since to get time histories one
would have to go back over the initial solution and reparame-
terize.
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Because of the somewhat involved nature of the limiting
partial differential equation, in particular, the presence of T,
the remaining duration of the firing period, it appears that a
numerical or computational solution to the problem will be a
necessity. Inasmuch as a numerical solution is necessary, it
also is necessary then to have a numerical problem. Accord-
ingly, a particular rocket was considered. The Appendix
presents the details of this "example'7 nuclear rocket along
with the derivation of estimates of its various significant
parameters.

The analytical aspects of the problem now are left behind,
and attention is directed toward how, precisely, calculations
might be performed to determine the optimal power, thrust,
and propellant flowrate schedules that maximize vehicle
burnout velocity.

II. Computational Aspects

The basic equations, for computational purposes, are (18)
and (21), repeated here for convenience:

Am +

M
and

/ (M, m = 0) = 0 (21)
In order to facilitate conceptual understanding of the

mechanics of obtaining the numerical solution to the problem,
consider Fig. 2, which is simply the two-dimensional (state)
space within which the state (vector) of the system is always
defined.

The bounds of the state space are simply maximum values
of interest for each of the state variables. For example,
Mmax and mmax would be, respectively, the initial mass and
the initial propellant loading of the rocket. The point P»
represents the initial condition of the physical process, i.e.,
rocket initial takeoff weight and full tanks. The region A need
not be considered, inasmuch as it represents the dry weight of
the rocket. Region B likewise may be excluded since it cor-
responds to a situation wherein the unallocated propellant
mass is greater than the total propellant mass aboard the
rocket. The remaining area is the physically significant one.
This region is quantized appropriately by a suitable grid.

Perhaps it should be mentioned here that the state space
quantization need not be equal along each coordinate. In-

deed, since, in general, the physical dimensions of each coordi-
nate of the state space will be different, it actually is non-
sensical to talk about equal or unequal quantization of the
phase space coordinates.

One starts the computation along the M axis (m = 0) and
notes by (21) that, at each node point therein,

/ (M, m = 0) = 0 (22)
Along the M axis one has no decision to make concerning how
to allocate m (since there is no m), and there is no time left in
the process (T = 0). One thus associates with each node
point on the M axis its value of/, viz., 0.

Next, one moves out the m coordinate to m = Am. At
this value of m, one evaluates the return function / (M, m =
Am) for all values of M of interest by making use of (81 a).
Specifically,

= Aw) =
— Mg

«.!])
+

m — Am = Am — Am = „]} (23)

But one already has evaluated / (any M, m = 0); in particu-
lar, its value is 0. Hence (23) reduces to

/ (M, m = Am) =

max ktq - Mg
Mq[k* + h(T)- —.^Am + OJ (24)

As the whole of the problem calculations will be performed
by digital computer machine computation, the discussion will
be so oriented. The decision variable q is^chosen successively
out of the quantized admissible range of Q0, i.e., Qomin < q <
Qomax. A convenient way to perform the maximization
operation on a digital computer is simply to start with, say,
the smallest q value, evaluate the expression in braces in (24),
compare this with the value of the expression assumed using
the next larger value of q, remember the better of the #'s and
the value it gives to the maximand of (24), choose the next
larger q, evaluate, maximize (compare), store, and so on.

Having determined the maximum of the expression in the
braces, one stores this as/ (M, m = Am), and one also stores
the maximizing q for that particular (M, m) location as
#OPt (M,m = Am).

One then proceeds to a new M on the m = Am line and re-
peats the process. One thus associates (stores) with each
node point on the m = Am line the value of / (M, m = Am)
and the maximizing q.

Next one goes to the m = 2Am line and repeats the whole
procedure. Specifically, one again uses (18a) to determine

Am= 2Am) max|(^

,["„ ( ]
/ \ M — [ - — — —L \fe + fe

m — Am =

k^q — Mgr
Z^ + WT)-]

2Am — Am = L= Amli (25)

Fig. 2 Appropriate phase space

One sees that he already has/ (any M, m = Am), so that
the maximization on the m = 2Am line is straightforward.
It is true that interpolation may be necessary, but this is not
a major difficulty. By this technique, one may "fill out" the
region of interest in the (M, m) plane.

It is crucial to observe that these maximizations are single-
stage decisions that can be made with utter ease. As stated,
all one does is evaluate the sum of the initial velocity in-
crement and the corresponding best future velocity increment
for a particular g, compare this with the sum obtained by
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consideration of some other q, and do this for all possible q
values, thus determining the maximum sum. The particular q
that does the maximizing is then the optimal q. Remember
also that, because of this method of computation, that is,
starting out with the initial condition / (M, m = 0) = 0 and
proceeding to larger values of m, for any particular value of m,
say m = mi, one already has evaluated / (M, m — Am =
mi — Am < mi).

So far nothing has been said about the value of T to use in
these calculations. Clearly, T is the time remaining in the
allocation process starting at any (M, m) and proceeding op-
timally to the maximum attainable burnout velocity incre-
ment. Hence, at any m = mi = n Am line,

T = At + T' (26)
where A£ is the duration of the immediate Am allocation, and
T' is the duration of the remaining optimal (n — 1) Am alloca-
tion process.

Obviously, on the particular line characterized by m =
Am, T = A£. Therefore, (15) in the form

Am/q = k,T + fe(77)+°-8

implicitly determines T, say,

T = T (M, m = Am; q)

(27)

(28)

This determination, evidently, should precede the maximiza-
tion operation conducted along the m = Am line. In antici-
pation of future need, one also should store, at each node
point, that T corresponding to the maximizing q.

For all m = nAm lines, n > 1, a slight extension of the fore-
going procedure will be necessary. At any phase space node
and for all the q candidates, (26) will hold with T", in general
being obtained by interpolation. One procedure for the de-
termination of T might be as follows:

1) Make a first guess as to the value of T. This might be
T = T (M, m = nAm) ̂  T [M, m = (n - 1) Am]. Clearly
the first guess ultimately would be increased.

2) Using (17) and the initial estimate of T, one could cal-
culate ATlf.

3) Using this estimate of AM, one could interpolate to get
an estimate of Tr.

4) Using a slightly different form of (15), viz.,

Am/g = k5At + k3 (Tr + (29)
one could obtain an estimate of A£.

5) A better estimate of T then would be Ti = T0' + AtQ.
6) Iterating until (Tn+l - Tn) < Si or (Tn+i - Tn)/Tn <

52, one would obtain T, say,

T = T (M, m = (30)

As discussed before, one would calculate the T"s correspond-
ing to two particular q candidates, effect the comparison,
store the pertinent information for the better of the two, re-
peat for a new q candidate, and hence ultimately arrive at that
T = T (M, m) corresponding to the maximizing q for each
(M, m) state. No doubt there are better techniques for the
determination of T, but this is one method that works.

Note the effect that this constraint upon the admissible
values of Q0, viz., Qomin < Qo < Qomax, has on the facility with
which one effects the maximization. Using classical methods,
it compounds one's troubles no end, as is indicated, for ex-
ample, in Ref. 9. Using the functional equation approach of
dynamic programming, however, all such constraints are wel-
come; they reduce the work one must perform, as, in-
tuitively, they should.

Note also that any extra information concerning the nature
of the solution which, for some reason, one possesses is
generally to no avail when applying classical variational
techniques. Yet with dynamic programming one may use
this information, as certainly seems appropriate. In this
particular case, it has been noted that the required afterheat

removal propellant mass is on the order of 7% of the total
propellant mass. With this information, one need not con-
sider the whole of the isosceles triangle defined by Mmax, mmax
but only a small portion thereof by observing that changes
in rocket mass M will go approximately as changes in un-
allocated propellant mass m. Obviously, considerations such
as this could be programmed easily in a digital computer.

If, however, one were interested in a range of obtainable
maximum velocity increments and desired to know the cor-
responding necessary initial rocket masses and propellant
loadings—this often being called a parameter survey—one
would consider the whole of the appropriate phase space. By
so doing, one would obtain this parameter survey, each datum
of information given being the best thing obtainable starting
with the particular initial conditions and the whole of the
parameter survey being obtained by one digital computer run,,
with corresponding economy reflected in computation cost
and time.

A word about obtaining the particular solution correspond-
ing to particular initial conditions might be of interest. As-
suming that the rocket initial conditions indeed are repre-
sented by the point Pi in Fig. 2, by inspection of the computer
results one immediately has the total firing time T (P(), the
maximum attainable velocity/ (P*), and the optimal reactor
power level QooPt(Pi) at which to fire initially. By Eq. (17),
for example, one may proceed, successively, through the m =
nAm lines, determining from the computer results at each line
the optimizing Q0 and the remaining time of firing. Of course,
this too could be done by the computer in the single run. The
time history of the optimal reactor power thus is immediate,
as are optimum thrust level and flow rate, since these all have
been assumed proportional.

The foregoing comments are applicable to dynamic pro-
gramming solutions in general, and it will be found that the
functional equation formulation of dynamic programming will
become a most useful tool in the analysis of rocket optimiza-
tion problems.

Results
It is announced that the optimal, albeit unspectacular,

"example" nuclear rocket power and thrust schedule for
vertical flight from a stationary earth is constant "full blast"
until such time as all remaining propellant must be used to
remove the resultant afterheat. At this time, firing ceases
immediately. Actually, there is possibly some power and
thrust decay taking place in the final second or so of operation
which, because of the particular phase space quantization
used in this study, did not show up. More will be said of the
fineness of the grid later; for the moment it merely is observed
that, if this tailoff takes place within just the final few seconds,
then one might as well forget about it for practical purposes.

Being rewarded for the effort with such undramatic re-
sults, one then sets out to determine interesting operating;
regimes in which the optimal power schedule diverged from
the constant maximum level. One limiting condition is a
zero-gravity field. It is rather clear that in this case the-
optimal thrust and reactor power schedules would be constant,
minimum (and this indeed was verified by numerical results),,
for this minimizes afterheat, and, since there is no penalty
attached to an extended firing time, this then maximizes the-
amount of initial propellant that indeed may be fired as pro-
pellant. Of course, the burnout velocity for this case exceeded
that for nonzero values of gravitational acceleration. What is<
important is that the optimal reactor power policy had
changed.

Having now bounded the region of interest by forcing the
solution to each of its constraints, the next logical step was to
determine what conditions caused the changeover in optimal
reactor power policy. This was done in a somewhat artificial
way simply by performing the calculations for different values,
of gravitational acceleration.
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N/L

M
Fig. 3 Representation of numerical results

Anticipating perhaps some anxiety on the reader's part
concerning, computation times when considering a range of
values of some of the parameters, it is appropriate to indicate
the machine time required for these calculations. The rocket
mass M—unallocated propellant mass m—state space was
divided into a 51 X 51 grid, and the appropriate diagonal half
of this space was considered. This gave something over
2500/2 = 1250 node points at which all calculations were per-
formed. Normalized reactor power was quantized to nine
values ranging from 0.2 to 1.0. At each node point and for
each q candidate, the appropriate remaining duration of the
firing time was determined iteratively to within 1 sec. At
each of the node points the optimal power level, maximum
possible increment in rocket velocity, and correct remaining
duration of the firing period were evaluated and printed.
These calculations took approximately a couple of minutes on
an IBM 7090 digital computer.

Of course, a necessary part of any analysis such as this must
be a test of the sensitivity of the numerical results to the phase
space quantization and, where appropriate, the decision
variable quantization. In this particular problem, the ac-
ceptable tolerance in iterated remaining time also should be
studied. A satisfactory, if not satisfying, method simply is to
subdivide further until there is no significant change in the
results. Inasmuch as the present study was solely of a pre-
liminary investigation nature, no further refinement of the
results was considered. With this general problem, viz.,
nuclear rocket afterheat, the appropriate refinement now is
in the mathematical model, clarification of system mission,
etc.

Returning to the results for various values of the gravita-
tional acceleration, it is noted in passing that g sin0 < g,
0 < 6 < ir/2, so that in a very rough qualitative way a re-
duced value of g might be interpreted as a vehicle that has a
component of thrust in the horizontal direction. This obvi-
ously is not correct, and, inasmuch as the correct way of doing
it should be fairly simple—involving a few added dimensions
to the problem—this observation is stated here only to indi-
cate the area in which variable thrust will become optimal.
Also, of course, vertical takeoff from, say, the moon is another
situation in which a reduced value of g will obtain, although
no blanket statement is appropriate, inasmuch as the nuclear
rocket design may well differ for such a mission.

Briefly, whenever the physical parameters were such that a
varying thrust was obtained, the optimal normalized reactor
power started at the maximum rated value of 1.0 and re-
mained there until a certain time (more accurately, certain
values of the state variables) when it dropped fairly sharply

to the minimum allowable level, at which it remained for the
remainder of the firing time. In general, the descent of the
optimal power level from maximum to minimum, in all cases
studied, took place in one or two increments of unallocated
propellant change. It was the position of this fairly abrupt
power level reduction that varied, depending upon the par-
ticular values assigned to the parameters, that was the out-
standing feature of the results. Of course, the burnout
velocity also varied with the values of the parameters, but
that is not the important aspect.

In general, the results obtained, for a given set of parameter
values, were similar to those shown in Fig. 3. The single
curved line in Fig. 3 represents the optimal trajectory through
the phase space starting with the initial conditions character-
ized by the point Pit From it one obtains the time histories
of optimal power level, thrust, etc. As indicated, there is a
region wherein optimal power level is maximum and another
region in which optimal power level is minimum. The cross-
hatched interface region is where optimal power level drops
from maximum to minimum. It is this region that moves
around, closer to, or away from the point Pi: depending upon
the particular values of the parameters used.

Intuitive tendencies were borne out by numerical results.
A high value of the afterheat coolant mass coefficient &3 and a
low value of g shifted the optimal policy transition region
closer to the point P^ The value of g was dominant in the
location of the transition zone.

It would appear that a simple, near-optimal power schedule
would be to fire at constant maximum rated power until a
predetermined time at which power would be reduced to the
minimum level and held there until shutdown. This cer-
tainly would be easy to effect, and it is amusing to note that in
practice one actually would take some small amount of time
to bring about the reduction in power. Thus, optimal policy
could be approached to a high degree by a practical policy.

The family of dashed lines on Fig. 3 are isomaximum at-
tainable burnout velocity curves and are to be interpreted as
follows. The locus of points characterized by any one dashed
line indicates all possible relationships between initial rocket
mass and initial propellant mass, starting from which, and
following an optimal reactor power control policy, one will
achieve a certain final velocity increment, while at the same
time providing for adequate cooling of the core during after-
heat removal. The difference between initial rocket mass and
initial propellant mass is, of course, the total dry weight of the
rocket, and one sees that by this means one may vary that
weight while accomplishing a specific mission, i.e., providing
a specific velocity increment. The merit of such a parameter
survey is self-evident.

It is remarked, perhaps trivially, that the general shape of
the isoburnout velocity curves is as expected intuitively. For
a unit increase in initial unallocated propellant mass (which
is almost a unit increase in thrust producing propellant mass),
one sees that the initial total rocket mass can be increased
something more than this, and the same final burnout
velocity still can be obtained. This certainly had better be
the case, for adding a unit increment in initial propellant mass
increases the total initial rocket mass by at least that amount.

The importance of this work, this writer feels, lies not in
any particular results, but rather in the presentation of a
logical, systematic way in which one, so interested, could go
about determining optimal solid core nuclear rocket trajec-
tories and power schedules.

Extensions are immediate. Clearly, one is not interested
simply in vehicle velocity but also in the height at which it is
attained. Atmospheric drag might be important and might
depend upon both vehicle velocity and altitude. Curvilinear
trajectories, angles of thrust, gravitational attraction depend-
ing upon altitude, possible utilization of afterheat coolant gas
for thrust at, in general, a lower specific impulse, rocket thrust
varying with altitude, and rocket specific impulse varying
with power and thrust level are but a few of the refinements
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that, unquestionably, must be made if "practical" results are
to be obtained. Yet, all of these necessary refinements are in-
deed simply extensions of the present formulation, which is
not to say that the person effecting them would not deserve
considerable credit.

The extensions will, in general, involve added dimensions to
the problem. To surmount the high-speed memory limita-
tions attendant such situations, the technique of polynominal
approximation to the return function suggested by Bellman
and Dreyfus12 and employed by Aoki13 appears attractive.

Appendix: Numerical Details

Herein the characteristics of the "example" rocket will be
generated.

A. Nuclear Rocket Initial Conditions

Mmax = 300,000 Ibm

ramax = 240,000 Ibm
and therefore

X - 5

Fmax = 360,000 Fmin == 0.2 Fmax

therefore

F'F\— 1 = 1 2
Wh ^

I8 = 800 sec = const

therefore

Mmax = 450 Ibm/sec

^min = 533 sec

all of which neglects afterheat removal.

B. Afterheat Parameters

First a check on the applicability of the afterheat power re-
sponse equation will be performed over all time from shut-
down to infinity. Equation (5) may be expressed as

= f r
J t =10

/]<r (AD
Integrating, one obtains

Q /J. /\ __ T7" J /J./ ___ J. F\
ah\vQ ) — ii-1 j \v t'O /

T*

(A2)

with Ki > 0.
Glasstone (see Ref. 11, p. 118) states that the afterheat re-

sponse equation is applicable for something like a couple of
weeks. Accordingly, we pick some representative values for
the foregoing times and see how the two time functions com-
pare in size. For the values T7* = 106 sec, f0 = 103 sec, and
£</ = 102 sec, one finds

Qah = ^{(0.26 - 0.06) + (0.06 - 0) j (A3)
which says that all of the afterheat generated from tr = T* =
106 sec on to infinity amounts to (0.06/0.25) ~ ^ of the
total amount of afterheat energy. Hence, one might presume
that any of these results are "f-" right, which is actually
quite a respectable coefficient in engineering work. Also, of
course, it must be that the afterheat equation slowly diverges
from the physical facts rather than suddenly predicting out-
landishly erroneous results. Hence, one concludes that these

results are something better than "-|" correct and leaves the
matter, completely satisfied. (Clearly, we simply are trying
to obtain some estimates of the error involved. Those in-
terested may pursue the matter further.)

It remains to evaluate ki and. more important, &3. Al-
though the simple analytic form of Eq. (2), the Way and
Wigner equation, will be used to characterize afterheat gen-
eration, the coefficient will be evaluated by means of the pre-
sumably more accurate equation of Untermyer and Weills.

Starting with Eq. (6),

= 5 (<oO (fc - (A4)

one may assume, for the moment, a constant reactor power
and integrate over all operating time to obtain total afterheat
energy. So doing, one gets

Qa* = (5*4/0.8) ft))+MQo
which, with the reader's indulgence, may be written as

fci = (0.8/5) (Qa/^Qo) [!/(*<>) +0-8]

(A5)

(A6)

Now referring to appropriate integrated Untermyer and
Weills curves that are available from a number of sources, one
easily may obtain an estimate of ki. For example, taking QQ
= 106 Btu/sec and U = 700 sec, and from the curves noting
that the total resultant afterheat energy generated from such
a process would amount to about 2 X 107 Btu, one sees that

0.8 X 2 X 107

5 X 106 X (700)°-8 = 0.017 (A7)

with the units of ki being defined by the foregoing discussion.
As another check, let us see if the forementioned amount of

afterheat energy is a reasonable amount considering the
power level and firing time. Clearly the afterheat energy cor-
responds to 20 sec of full power operation. Therefore, the
afterheat energy amounts to (20/720) of total energy gen-
erated, and this is about 2.8%. Now it is known that ap-
proximately 7% of total nuclear fission energy appears a
"delayed" energy of some form. It seems as if this estimate
gives a number about one half of this.

This brings up another point that is sure to rear its ugly
head sooner or later. One observes that, during the firing
period, it is true that some afterheat is being generated which
increases just slightly the total power level of the reactor.
One ramification of this is that the total afterheat energy,
from reactor shutdown on, will be less than that indicated
simply by all "delayed" energy. Furthermore, since afterheat
is monotone decreasing with time, this discrepancy might
be sizable, and indeed it appears to be so.

Another implication is that any analytical description that
assumes reactor power level and fission power level identical
is in error by precisely the forementioned amount. Accord-
ingly, the results of the optimization are in error by some
amount. The next question is, how much in error? One
already has seen that the afterheat energy corresponds to
a few percent of fission energy. Thus if one makes a small
change in fission power level to account for the concomitant
afterheat power, he will cause, at most, a second-order change
in resultant afterheat and, presumably, optimal policy. So
much for that!

With the foregoing estimate of ki, one has, immediately,
that

fa = 5 fa = 0.085 (A8)

Next it remains to establish the relationship between
resultant afterheat and necessary afterheat removal coolant
mass. For reasons not particularly germane to this discus-
sion, it might be desirable to convectively cool and remove,
say, two thirds of the total resultant afterheat energy. For
similarly enigmatic reasons, it might be desirable to maintain
a seemingly low exit coolant gas temperature. One may say
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that one might be satisfied with having the coolant gas exit at
around 1400°R or, more specifically, that one could get 4.7
X 103 Btu of energy into each pound of afterheat removal
coolant, on the average. Some other number might be more
appropriate; what is needed here is a number.

Accordingly, one has

4.7 X 103

1.4 X 10-4 Qah (A9)
Combining (A4) and (A9), one obtains

mah(t0') = 1.4 X 10~4 X 0.085 X Q0 (*oO (*o - Jo')"0-2 dt0'
(A10)

which results in

fc8 = 1.2 X 10~5 (All)
in the nomenclature of Eq. (9). Of course, for this specific
value, &3 has specific dimensions; these are defined implicitly
in the discussion.

C. Thrust and Flow Rate Coefficients

From the previously stated /„ which implies an exit gas
temperature, and the maximum propellant flowrate, one ob-
tains as a value for the maximum rated power level

Qomax = 6.55 X 106 Btu/sec (A12)

Qomin shall be equal to 0.2 X Qomax. With this power level and
thrust level, one sees that

&4 = 5.5 X 10~2 Ibf/(Btu/sec) (A13)
Similarly, using rated flow rate and reactor power, one

obtains
fc = 6.9 X 10~5 (lbm/sec)/(Btu/sec) (A14)

These kt are as defined in Eqs. (10) and (11).

D. Numerical Comparison between Optimal Policy and
Constant Maximum Power Policy

Illustrative of the advantages to be accrued by proceeding
optimally, a brief comparison will be made between the final
velocity of the example rocket when following an optimal
reactor power schedule and when simply firing at constant
maximum rate.

For certain particular values of the significant coefficients,
a maximum attainable vehicle velocity of 31,131 fps was ob-
tained starting at the initial conditions indicated by the point
Pi. A total firing time of 713 sec corresponded to the optimal
reactor power schedule. The results of this particular run
just about correspond to the situation illustrated in Fig. 3.

Perhaps it should be pointed out that, although the drop in
optimal power level from maximum to minimum for this
particular case occurs at about one fifth of the way from com-
pletion of the firing process when viewed from the standpoint
of the state variables considered, the drop also occurs about
midway in the process when viewed as taking place in time.

This is perhaps a more dramatic way of pointing out the fact
that, if one wishes to proceed optimally, he is really going
to have to do something about it.

Using the same particular values of the parameters, one
may obtain, for the simple trajectory used, the burnout
velocity of the rocket, assuming that it is fired at a constant
maximum rate until such time that, because of the particular
power schedule, all remaining propellant must be used for
afterheat removal. As a first guess, one might assume the
rocket to fire 455 sec. By the standard formula,

= c InX — gt0 (A15)
one obtains a burnout velocity of 29,655 fps. This corre-
sponds to the following situation:

Propellant actually fired = 6370 slugs
Vehicle dry mass = 1870 slugs
Necessary afterheat coolant = 1090 slugs
Total 9330 slugs

However, the initial takeoff mass was 9320 slugs. Accord-
ingly, the initial guess of firing time corresponds to an im-
possible situation. One notes in passing that the optimally
fired rocket betters by (31,131 - 29,655)7(29,655) X 100 =
(1476/29,655) X 100 = 5% of the burnout velocity of the
constant maximum fired rocket even when the latter per-
forms the impossible.
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